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Abstract
We use an upper bound on the number of zeros of sparse polynomials over a ﬁnite ﬁeld Fq
to estimate the number of singular matrices of the form (uj
i
)m
i,j=1, where 1, . . . , m ∈ F∗q are
ﬁxed nonzero elements, taken over all (q − 1)m integer m-tuples (u1, . . . , um) ∈ [0, q − 2]m.
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1. Introduction
Let Fq denote a ﬁnite ﬁeld of q elements.
Let us ﬁx m elements 1, . . . , m ∈ F∗q . We consider matrices of the form (uji )mi,j=1,
with integers u1, . . . , um ∈ [0, q−2]. The choice uj = j−1, j = 1, . . . , m, corresponds
to the Vandermonde matrix, which is known to be nonsingular, provided that 1, . . . , m
are pairwise distinct. Here we show that for m ﬁxed almost all matrices of the above
form are nonsingular.
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More precisely, let us denote by V (1, . . . , m) the number of m-tuples
(u1, . . . , um) ∈ [0, q − 2]m
for which
det(uji )
m
i,j=1 = 0.
We use an upper bound on the number of zeros of sparse polynomials from [1,3] to
estimate V (1, . . . , m). Our estimate depends on the multiplicative orders of ratios
j /i , 1 i < jm. We recall that for an element  ∈ F∗q we denote by ord  the
multiplicative order of , that is, the smallest positive integer s with s = 1.
We also obtain another result about the value of V (1, . . . , m) on average over all
m-tuples (1, . . . , m) ∈ (F∗q)m.
Throughout the paper the implied constants in symbols ‘O’ may depend on m and on
the small positive parameter ε; they all are effective and can be explicitly evaluated.
2. Preparations
The following result is implied by the estimate on the number of zeros of sparse
polynomials from [1,3].
Let us ﬁx a primitive root ϑ ∈ Fq , see [4].
Lemma 1. For r2 elements a1, . . . , ar ∈ F∗q and integers e1, . . . , er we denote by Q
the number of solutions of the equation
r∑
i=1
aiϑ
eiu = 0, u ∈ [0, q − 2].
Then the bound
Q3(q − 1)1−1/(r−1)d1/(r−1),
holds, where
d = min
1 i r
max
1 j  r
j =i
gcd(ej − ei, q − 1).
Proof. Substituting z = ϑu we see that Q is equal to the number of solutions
r∑
i=1
aiz
ei = 0, z ∈ F∗q .
I.E. Shparlinski / Finite Fields and Their Applications 11 (2005) 193–199 195
It has been shown in Lemma 7 of [1] and Lemma 4 of [3], see also Lemma 2.6 of
[6], that
Q2
⌊
q − 1⌈
L1/(r−1)
⌉− 1
⌋
,
where L = (q − 1)/d .
If L3r−1 then
3(q − 1)1−1/(r−1)d1/(r−1)3(q − 1)L−1/(r−1)q − 1 > Q.
Otherwise
⌈
L1/(r−1)
⌉− 12L−1/(r−1)/3 and the result follows. 
We denote by (s) is the Euler function of an integer s2. The following elementary
statement is well known.
Lemma 2. For any divisor s|q − 1 there are (s) elements  ∈ F∗q with ord  = s.
3. Main results
First we obtain an upper bound on V (1, . . . , m) for individual values of 1, . . . ,
m ∈ F∗q .
Theorem 3. For any m2 the bound
V (1, . . . , m)3(m− 1)(q − 1)mT −1/(m−1),
holds, where
T = min
1 im
min
1 j m
j =i
ord j /i .
Proof. Let us ﬁx a primitive root ϑ ∈ Fq . Deﬁne the integers ei , 0eiq − 2, by
the equation i = ϑei , i = 1, . . . , m. Let
D = min
1 im
max
1 j m
j =i
gcd(ej − ei, q − 1).
We remark that
ord j /i = q − 1gcd(ej − ei, q − 1) ,
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therefore
T  q − 1
D
.
We prove the statement of the theorem by induction. For m = 2 we have
ϑe1u1ϑe2u2 − ϑe1u2ϑe2u1 = 0
or
ϑ(e1−e2)u1 = ϑ(e1−e2)u2 .
The last equation is equivalent to the congruence
(e1 − e2)u1 ≡ (e1 − e2)u2 (mod q − 1),
which has (q − 1)D = (q − 1)2T −1 solutions.
Let m3. Let us ﬁx u1, . . . , um−1 ∈ [0, q−2]. Then um satisﬁes an equation of the
form
1ϑemum + · · · + mϑe1um = 0. (1)
If 1 = 0 then from Lemma 1 we obtain that Eq. (1) has at most
3(q − 1)1−1/(m−1)D1/(m−1)3(q − 1)T −1/(m−1)
solutions. Thus the total contribution from all such u1, . . . , um−1 is at most 3(q −
1)mT −1/(m−1).
By the induction assumption, the number of (m− 1)-tuples
(u1, . . . , um−1) ∈ [0, q − 2]m−1
for which
1 = det(ϑeiuj )m−1i,j=1 = 0
does not exceed 3(m− 2)(q − 1)m−1t−1/(m−2) where
t = min
1 im−1 min1 j m−1
j =i
ord j /iT .
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Estimating the number of solutions of Eq. (1) with 1 = 0 trivially by q − 1, we
obtain that the total contribution from such (m − 1)-tuples u1, . . . , um−1 does not
exceed 3(m− 2)(q − 1)mT −1/(m−2).
Therefore,
V (1, . . . , m)  3(q − 1)mT −1/(m−1) + 3(m− 2)(q − 1)mT −1/(m−2)
 3(m− 1)(q − 1)mT −1/(m−1),
which ﬁnishes the proof. 
We now estimate the average value
Wm = 1
(q − 1)m
∑
1,...,m∈F∗q
V (1, . . . , m).
Theorem 4. For any m2 and any ε > 0 the bound
Wm = O(qm−1/(m−1)+ε)
holds.
Proof. Let M(T ) denote the number of m-tuples (1, . . . , m) ∈ (F∗q)m with
T = min
1 im
min
1 j m
j =i
ord j /i .
Then
Wm3(m− 1)
∑
T |q−1
M(T )T −1/(m−1). (2)
Obviously
M(T )
∑
1 i<jm
Mi,j (T ), (3)
where Mi,j (T ) is the number of m-tuples (1, . . . , m) ∈ (F∗q)m with
ord j /i = T .
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From Lemma 2 we derive Mi,j (T )qm−1(T ), 1 i < jm. Combining this estimate
with (2) and (3) we obtain
Wm = O

qm−1 ∑
T |q−1
(T )T −1/(m−1)

 = O (qm−1/(m−1)(q − 1)) ,
where (k) is the number of positive integer divisors of k2. Using the well-known
bound
log (k) = O
(
log k
log log k
)
,
see Theorem 5.2 of Chapter 1 of [5], we obtain the desired result. 
4. Remarks
Similarly one can estimate the quantities V (1, . . . , m;N) deﬁned as the number of
singular matrices of the same form but with the exponents selected from the interval
u1, . . . , um ∈ [0, N − 1], with some positive integer Nq − 1. In this case instead of
the estimate of Lemma 1 one can use the bound from [7,8] on the number of solutions
Q(h) of the equation
r∑
i=1
aiϑ
eiu = 0, u ∈ [0, N − 1]
with a1, . . . , ar ∈ F∗q . It is proved in [7,8] that
Q(N)6N(N−r + t−r ) (4)
holds, where
t = min
1 i<j r
q − 1
gcd(ej − ei, q − 1)
and the sequence r which is deﬁned as follows:
2 = 1, 3 = 1/2, 4 = 1/4
and
r =
r/2+1
r/2 + 1 , r5.
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See also Section 5.4 of [2]. It is easy to see that
log r ∼ − 12 log2 r, r →∞.
The bound (4) is essentially weaker than that of Lemma 1 and unfortunately for
N < q − 1 the reduction to the bound of [1,3] on the number of zeros of sparse
polynomials does not seem to apply. Nevertheless, the bound (4) can be used to
estimate V (1, . . . , m;N) and show that for any N such matrices are almost always
nonsingular.
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